Abstract We investigate the evolution of families of periodic orbits in a bisymmetrical potential made up of a twodimensional harmonic oscillator with only one quartic perturbing term, in a number of resonant cases. Our main objective is to compute sufficiently and accurately the position and the period of the periodic orbits. For the derivation of the above quantities (position and period) we deploy in each resonance case semi-numerical methods. The comparison of our semi-numerical results with those obtained by the numerical integration of the equations of motion indicates that, in every case the relative error is always less than 1% and therefore, the agreement is more than sufficient. Thus, we claim that semi-numerical methods are very effective tools for computing periodic orbits. We also study in detail, the case when the energy of the orbits is larger than the escape energy. In this case, the periodic orbits in almost all resonance families become unstable and eventually escape from the system. Our target is to calculate the escape period and the escape position of the periodic orbits and also monitor their evolution with respect to the value of the energy.
Every area of science has its own oscillatory phenomena and these are usually periodic solutions of differential equations or systems composed of differential equations.
Obtaining periodic orbits in dynamical systems is the main source of information about how the orbits in general are organized and, in Poincaré's words, they offer "the only opening through which we might try to penetrate the fortress (chaos) which has the reputation of being impregnable". The stable periodic orbits explain the dynamics of bounded regular motion, while the unstable periodic orbits in a chaotic set (attractor or saddle) determine its structure [24] and thus, the chaotic behavior of the dynamical system. On this basis, there is no doubt, that periodic orbits represent the backbone of the entire set of orbits and therefore, play a very important role in understanding the orbital structure in a dynamical system. Thus, it is not surprising the high number of works that use the detection of periodic orbits in the analysis of dynamical systems in many different fields. The analysis and control of chaotic dynamical systems [36] , the "scar" theory in quantum mechanics [45] , electrical and magnetic fields [34] , hydrodynamical flows [33] , electrical circuits and optical systems [1] and celestial mechanics [29, 37, 44, 50] are only a few examples.
In an effort to understand the structure of the solutions of non-integrable dynamical systems, numerical determination of their periodic solutions and their stability properties plays a role of fundamental importance. The fact that for most dynamical systems the periodic orbits are dense in the set of all possible solutions, at least in certain parts of the phase space, necessitates the presence of an efficient numerical method for their determination. Over the last decades, several works developing different numerical algorithms in order to compute periodic orbits have been presented. The use of differential correction algorithms for the numerical computation of either two or three dimensional periodic orbits is not a new result. The contributions [6, 21, 27] in reference to sys-
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tems with two degrees of freedom, or [4, 16, 28, 32, 39] with respect to systems with three degrees of freedom, can be mentioned among many others.
Usually, a dynamical system admits some kind of symmetry, and consequently the traditional approaches used for computing periodic orbits were based on those symmetries. However, when dealing with force fields without symmetries, a different approach must be used. The normal procedure is then the application of the Poincaré map, and differential corrections are obtained through the computation of the state transition matrix along the periodic orbit. On the other hand, for conservative systems the monodromy matrix has one unit eigenvalue with multiplicity two -related to the time invariance of the system -thus preventing the computation of the corrections. Two approaches are normally used to compute the nontrivial eigenvalues, both of them based on the integration of the variations in Cartesian coordinates. The first computes the complete state transition matrix and uses basic techniques of matrix algebra for obtaining the eigenvalues of a singular matrix. The second eliminates the two unit eigenvalues from the system by creating a lower dimensional map.
In this work, we shall study the evolution of different types of families of resonant periodic orbits. For values of energy larger than the energy of escape the surface of section is partitioned in different escape regions which are defined by the intersections of the asymptotic manifolds of the Lyapunov orbits with the surface of section. In other words, the equipotential curves or, equivalently, the zerovelocity curves (ZVCs) are open containing several channels through which a particle can escape from the dynamical system. The phenomenon of escapes from a dynamical system, especially the escape of stars from stellar systems has been an active field of research during the last decades [13, 15, [17] [18] [19] 23, 30, 40, 41, 46] . The reader can find more illuminating details on the subject of escapes in the review [42] and also in [14] .
The present paper is organized as follows. In the next Section, we describe the properties of the Hamiltonian system that we use in our quest for families of periodic orbits. In the same Section, we provide some theoretical information regarding the location and the stability of the periodic orbits. In Section 3, we present in detail our main results investigating each resonance case separately. In the following Section, we study escaping orbits when h > h esc . The paper ends with Section 5, which contains the discussion with some concluding remarks.
Presentation of the Hamiltonian system and theoretical background
Over the last half century, dynamical systems made up of harmonic oscillators have been extensively used extensively, in order to describe local motion (i.e near an equilibrium point) [2, 5, 8, 9, 25, 26, 38, 47, 49] . In order to study these systems, scientists have used either numerical [10, 31, 48] or analytical methods [7, 20, 22] . Astronomers frequently use potentials made up of harmonic oscillators, in order to study local motion in galaxies. Of particular interest, are the bisymmetrical potentials, as these systems have been used in order to describe motion near the central parts of elliptical galaxies. A large part of the above studies have been devoted to locate the position and calculate the period of the periodic orbits.
The general form of a two-dimensional dynamical system composed of perturbed harmonic oscillators is
where ω 1 and ω 2 are the unperturbed frequencies of oscillations along the x and y axes respectively, ε is the perturbation parameter, while V 1 is the function containing the perturbing terms. This is called a perturbed elliptic oscillator.
In the present article we shall try to obtain the starting position and the period of periodic orbits in the general resonance case ω 1 : ω 2 = n : m, where of course n and m are integers. We shall use a simple dynamical system with only one quartic perturbing term. The corresponding potential is
This potential may represent the central parts of deformed galaxies. Moreover, it has been used extensively in calculations of periodic and nonperiodic orbits [3, 12] . The Hamiltonian to potential (2) is
whereẋ andẏ are the momenta per unit mass conjugate to x and y, while h > 0 is the numerical value of the Hamiltonian, which is conserved. The equations of motion for a test particle with a unit mass arë
where, as usual, the dot indicates derivative with respect to the time, while the quantities inside the brackets are considered as the squares of the frequencies w 1 and w 2 of the oscillations along the x and y axes respectively. Furthermore, the equations governing the evolution of a deviation vector ξ = (δx, δy, δẋ, δẏ) arė (δx) = δẋ, (δy) = δẏ, The equipotential curves of the potential (2) for various values of the energy h are shown in Fig. 1 . Without the loss of generality, we take ω 1 = ω 2 = ω = 1 and ε = 1, that is the 1:1 resonance case. The equipotential corresponding to the energy of escape h esc is plotted with red color in the same plot. The energy of escape is given by the following expression
However, if we take into account that
and combine Eqs. (6) and (7) then, we can rewrite the energy of escape as
In a previous work [6] (hereafter Paper I) some very useful semi-numerical relations for the position and the period of resonant periodic orbits have been introduced. We deem, that it would be appropriate to recall these expressions. To begin with, the frequency of the periodic orbits is given by
We observe, that the frequency of the periodic orbits depends on the unperturbed frequency ω 2 , the energy h, the perturbation parameter ε and the values n and m defining the particular resonance. However, in Eq. (9) there is an extra term c which is not included in the original expression of Paper I (Eq. (15) ). This quantity is a correction term which will allow us to manipulate this basic expression in every resonant case in order to obtain much more reliable results. For periodic orbits starting perpendicularly from the x-axis the starting point can be obtained as
while for periodic orbits going through the origin the starting point is calculated aṡ
The semi-numerical formula regarding the period is the same for both types of orbits and is given by
A very interesting and also important issue in the field of periodic orbits is the determination of the stability of a periodic orbit. Let the variational equations of a specific periodic orbit of period T bė
If X(t) is the matrix, whose columns are the four solutions of the system (13) with initial conditions (1,0,0,0), (0,1,0,0), (0,0,1,0) and (0,0,0,1) then, we have the so-called monodromy matrix 
When t = T there is also a monodromy matrix X(T ). The stability of a periodic orbit depends on the eigenvalues of this monodromy matrix. We define the stability index (S.I) as
where Tr(X(T)) = λ 1 + λ 2 + λ 3 + λ 4 is the trace of the monodromy matrix, while λ i (i = 1, 4) are the eigenvalues. Now, according to the value of S.I we can determine if a periodic orbit is stable or unstable. In particular, if |S.I| < 2 the periodic orbit is stable, if |S.I| > 2 the periodic orbit is unstable, while if |S.I| = 2 the periodic orbit is critical stable. For the numerical integration of the equations of motion and the variational equations, a double precision BulirshStöer algorithm [35] was used. The accuracy of the calculations was checked by the constancy of the energy integral (3), which was conserved better than one part in 10 −11 , although for most orbits it was better than one part in 10 −12 .
Families of resonant periodic orbits
In this Section, we will investigate the evolution and the stability of several families of resonant periodic orbits. Our aim is to locate the position of periodic orbits and the corresponding period in the resonant cases using the semi-numerical relations presented in Paper I and then to compare the results with the corresponding outcomes given by the numerical integration of the equations of motion and the variational equations. At the same time, we shall make en effort in order to improve these semi-numerical relations. Here we must point out, that the basic relations regarding the position and the period of the periodic orbits presented in the previous Section, are very simple. Therefore, it would be very difficult to achieve great precision especially in cases where the families of the resonant periodic orbits present either turning points or a non-monotone behavior.
In order to overtake this obstacle, we will exploit the outcomes derived from the numerical integration in each resonance case in an attempt to define very accurate formulas giving the position and the period of the periodic orbits in each family. In particular, taking into account that each family contains 5000 orbits that have been integrated numerically, we will interpolate these data thus obtaining a fourthorder polynomial fitting curve. The main advantage of this procedure is that we can define equations giving the position and the period of the periodic orbits that contain only one variable which is the energy h. The fourth-order polynomial fitting curves would be of the following form
where the values x i ,ẋ i and T i (i = 0, ..., 4) are obtained in each resonance case separately by the interpolation of the numerical data. Using this method, we can achieve the best possible agreement between the numerical results obtained from the numerical integration of the equation and the seminumerical outcomes from the interpolation. In fact, in every resonance case the relative error between numerical and semi-numerical results is always less than 1%. Of course, it is not feasible to study all the possible resonance cases. Therefore, we shall investigate only the resonance cases ω 1 :ω 2 = 1:1, ω 1 :ω 2 = 1:2, ω 1 :ω 2 = 1:3, ω 1 :ω 2 = 2:3 and ω 1 :ω 2 = 3:4. In order to keep things simple, we use the value ε = 1, while the value of the energy h, will be treated as a parameter. In particular, in every resonance case we use different increment value regarding the energy h. We choose variable energy step dh for every resonance so that the interval [h min , h max ] contains always 5000 periodic orbits (h min and h max are the minimum and the maximum value of the energy respectively for which the particular resonance exists). Using this method, we are able to obtain very "rich" families of periodic orbits which will allow us to establish more accurate fitting curves.
The 1:1 resonance
We shall start from the 1:1 resonance when ω 1 = ω 2 = ω = 0.4. Fig. 2 shows the (x,ẋ), y = 0,ẏ > 0 Poincaré Surface of Section (PSS) when h = 0.005. We observe, that the entire phase plane is covered only by regular orbits. Apart from the obvious periodic orbit located at the origin (x 0 =ẋ 0 = 0), we can identify two additional types of periodic orbits. The first type has two starting positions at theẋ-axis which are symmetrical to the x-axis. The two green dots in the plot show the exact position of the periodic orbits, while the green color indicate that these are stable periodic orbits. The second type has also two starting positions at the x-axis which are symmetrical to theẋ-axis, but in this case both points correspond to the same orbit which in fact produces the separatrix. This orbit is unstable and therefore the starting positions are marked with red dots. Using elementary calculations we could prove that all the starting positions for both stable and unstable 1:1 periodic orbits belong to the ellipse x 2 /|x 0 | 2 +ẋ 2 /|x 0 | 2 = 1, where |x 0 | and|x 0 | are the starting positions of the unstable and stable periodic orbits at the xaxis andẋ-axis respectively. The outermost blue line is the Zero Velocity Curve (ZVC) which includes all the invariant curves at the (x,ẋ) plane and is defined as The plots of the two types of 1:1 resonant periodic orbits are given in Fig. 3 . The stable orbits are the two straightlines with initial conditions: x 0 = 0, y 0 = 0,ẋ 0 = ±0.070710, while the initial value ofẏ 0 is always obtained from the energy integral (3) . On the other hand, the unstable circular periodic orbit has initial conditions: x 0 = 0.186387, y 0 = 0, x 0 = 0. The outermost blue curve is the limiting curve at the (x, y) plane and is calculated as
Here we must point out, that for the motion along the lines
the equations of motion (4) become identical, since both frequencies of the oscillations are always equal. Thus, the straight lines (19) are also exact 1:1 periodic orbits going through the origin. The evolution of the family of the 1:1 straight-line periodic orbits is presented in Fig. 4 . We see that the value of the starting positionẋ 0 increases as we increase the energy. The black vertical line indicates the energy of escape which is h esc = 0.0064. According to the diagram, the vast majority of the computed periodic orbits are stable and therefore, are represented by green dots. Throughout the paper, green dots always correspond to stable periodic orbits, while red dots indicate unstable periodic orbits. For easy reference we may call this family as F11S. The family becomes unstable (red dots) in the interval 0.00611 < h < 0.00617 and if we use smaller energy step we will see, that in fact, there are infinite transitions to instability and stability until h = h esc . In this case, the escape energy acts as a barrier ending the evolution of the family without having penetration in the gray shaded area. The starting position of the 1:1 straight-line periodic orbits can be computed analytically is are given by Eq. (11) .
The evolution of the period of the same family of periodic orbits is presented in Fig. 5 . The periodic orbits terminate at h = h esc when their period is infinite, in accordance with the Strömgren termination principle [43] . For h > h esc the ZVC opens and the 1:1 straight-line periodic orbits escape immediately to infinity. Apart from the semi-numerical equation (12) , the period of the above straight-line periodic orbits can be found analytically using the following relation
where F (π/2, k) is the complete elliptic integral of the first kind, k = b/α, while α and b are the roots of the equation εx 4 − ω 2 x 2 + h = 0 (see Paper I for more details). In this case, both the position and the period of the 1:1 straight-line periodic orbits can be obtained analytically. Therefore, there is no need to use fourth order polynomial fitting curves. Table 1 gives the position and the period of the 1:1 straight line periodic orbits for five values of the energy h. Subscript n indicates values found by the numerical integration, while subscript s indicates values found using Eqs. (11) and (20) . One may see, that in all cases the differences in the position and also in the period of the periodic orbits are almost negligible. Now let's study the evolution of the unstable circular 1:1 resonant periodic orbits. Again, for easy reference we shall name this family F11U. The evolution of the F11U family is presented in Fig. 6 . One may see, that the value Fig. 8 The evolution of the relative error of the semi-numerical relation and the polynomial fitting curve as a function of the energy for the position x 0 of the periodic orbits composing F11U family. Red color is used for the relative error obtained by the semi-numerical formulas, while green color corresponds to the polynomial fitting curves. The horizontal blue line indicates the accuracy threshold value (1%).
of the starting position x 0 increases with increasing energy, while all the computed periodic orbits are unstable. Moreover, we observe that the energy of escape cannot stop the evolution of the F11U family. Therefore, according to the diagram the family continues to exist for values of energy much more larger than the escape energy. The starting position x 0 of the 1:1 circular periodic orbits can be obtained using Eq. (10). Our numerical calculations suggest that in order to achieve the best agreement between theoretical and numerical outcomes, we should use the following correction term c = 3ω 2 . Therefore, combining Eqs. (9) and (10) and of course take into account the correction term the relation for the starting position of the F11U family becomes
The plot of Eq. (21) is shown as the blue line in Fig. 6 . It is evident, that especially for small values of the energy the semi-numerical formula (21) can approximate the evolution of the F11U family with sufficient accuracy. On the other hand, when h > 0.0214 the relative error between the theoretical and the corresponding numerical results become significantly larger than 1% and therefore, the use of the fourth order fitting curve becomes imperative. The evolution of the period of the F11U family is presented in Fig. 7 . The blue line corresponds to the semi-numerical formula (12) . We observe, that the agreement is sufficient only when h < h esc . Thus, the fourth order polynomial fitting curve is the only solution in order to obtain semi-numerically the period of the orbits which belong to the F11U family. Table 2 gives the position and the period of the 1:1 circular periodic orbits for five values of the energy h. Once more, subscript n indicates values found by the numerical integration, subscript s indicates values found using the semi-numerical Fig . 9 The evolution of the relative error of the semi-numerical relation and the polynomial fitting curve as a function of the energy for the period T of the periodic orbits composing F11U family.
relations, while subscript f corresponds to values obtained using the fourth order polynomial fitting curve. We see, that in all cases the results obtained by the fitting curve are much more accurate than those derived using the semi-numerical relations. The terms of the fourth order polynomial fitting curves giving the position and the period of the orbits of the F11U family can be found in Tables (11) and (13) which are given at the end of this Section.
In order to prove beyond any doubt the efficiency of the fourth-order polynomial fitting curves, we present in Figs. 8 and Fig. 9 the evolution of the relative error for both the position and the period of the periodic orbits respectively, using (i) the semi-numerical formulas and (ii) the fourth-order polynomial fitting curves. With red color we plot the relative error obtained by the semi-numerical formulas, while green color corresponds to the polynomial fitting curves. The horizontal blue line indicates the accuracy threshold value (1%). At this point, we should define what we mean by the term "relative error". Let x n be the true value of the position of a periodic orbit, which has been obtained using the numerical integration. Our target is to approximate this value. Therefore, x s is the value derived by the semi-numerical relation and x f is the value from the polynomial fitting curve. The relative error corresponding to the semi-numerical formula is defined as R.E = |x n − x s |/x n , while for the fitting curve is R.E = |x n − x f |/x n . Using the same philosophy we can define similar relative errors for the period of the periodic orbits. It is evident from Fig. 8 that for small values of the energy, both methods can provide reliable results regarding the position of the periodic orbits. However, when h > 0.022 the semi-numerical formula cannot follow the evolution of the F11U family yielding to prohibiting relative error. On the other hand, the polynomial fitting curve can approximate equally well the entire family. Things are quite similar in Fig. 9 where we observe that the relative error of the polynomial fitting curve tends practically to zero, while the semi-numerical relation is valid only when h < 0.024.
The 1:2 resonance
We now proceed to the 1:2 resonance when ω 1 = 0.4 and ω 2 = 0.8. Fig. 10 shows the (x,ẋ) PSS when h = 0.013. We see that the phase plane is covered entirely by regular orbits. Looking at the same plot, we can identify the location of two types of 1:2 resonant periodic orbits. The first type which corresponds to the stable orbits with four symmetrical starting positions indicated by green dots. These points belong to the straight linesẋ = ±ω 1 x. On the other hand, the second type has also four starting positions marked with red dots of which two of them are located at the x-axis and two of them at theẋ-axis. All four points correspond to the same unstable periodic orbit which in fact produces the separatrix. Similarly following the same reasoning as in the case of the 1:1 resonance, we can prove that all the starting positions for both stable and unstable 1:2 periodic orbits belong to the ellipse x 2 /|x 0 | 2 +ẋ 2 /|x 0 | 2 = 1, where |x 0 | and|x 0 | are the starting positions of the unstable periodic orbit at the xaxis andẋ-axis respectively. The two types of 1:2 resonant periodic orbits are presented in Fig. 11(a-b) . The two symmetrical stable periodic orbits shown in Fig. 11a have initial conditions: x 0 = ±0.209760, y 0 = 0,ẋ 0 = 0.083754, while the unstable figure-eight periodic orbit (Fig. 11b ) has initial conditions: x 0 = 0.304369, y 0 = 0,ẋ 0 = 0. Let us first investigate the evolution of the first type of the 1:2 resonant periodic orbits. These orbits belong to a family which we shall call F12S. Studying the evolution of this particular family of periodic orbits is indeed a real challenge due to the peculiar nature of these orbits. The orbits which consist the F12S family do not pass through the origin and also do not start perpendicularly from the x-axis. Therefore, we cannot use neither Eq. (10) nor Eq. (11) in order to compute semi-numerically their location. Thus, we have to develop new semi-numerical relations. Our numerical experiments indicate, that the location of these orbits can be obtained using the following semi-numerical equations The evolution of the F12S family is presented in Fig.  12(a-b) . We see that both values of x 0 andẋ 0 increase as we increase the energy. Moreover, we observe that the majority of the computed periodic orbits are stable. However, when h > 0.02538 that is just before reaching the escape energy (h esc = 0.0256) the orbits become unstable. It is evident, that in this case the escape energy cannot stop the evolution of the family which penetrates this imaginary barrier and ends inside the shaded area when h = 0.02901. Our seminumerical Eqs. (22) are valid only when h < h esc . In order to achieve much better agreement we should use the fourth order polynomial fitting curves. The terms of the fitting curves of the polynomials x f (h) andẋ f (h) are given in Tables (11) and (12) respectively. It would be very interesting to combine both Eqs. (22) in parametric form in order to visualize in three dimensions the evolution of the F12S family. Such a plot is presented in Fig. 13 .
The evolution of the period of the F12S family is shown in Fig. 14 . The blue line corresponds to the semi-numerical formula (12) . In this case, the agreement is sufficient only when h < 0.0082. Therefore, the use of the fourth order polynomial fitting curve becomes imperative in order to obtain semi-numerically the period of the orbits which belong to the F12S family. Fig. 15 depicts an alternative approach to the evolution of the period of the F12S family. Here, the period is not given as a function of the energy h but as a function of the starting position of the orbits using the initial coordinates x 0 and velocitiesẋ 0 in a three-dimensional plot. Table 3 gives the position and the period of the F12S family for five values of the energy h. The terms of the fourth order polynomial fitting curves giving the position and the period of the orbits of the F12S family are given in Tables (11) , (12) and (13) .
The following case under investigation, is the evolution of the unstable 1:2 resonant periodic orbits. These periodic orbits form a family which we shall name F12U. The evolution of the F12U family is presented in Fig. 16 . We see, that the value of the starting position x 0 increases with increasing energy, while the vast majority of the computed periodic orbits are unstable. However, for extremely small values of the energy (h < 0.000129) that is when we are close to the lower limit of the family, the orbits become stable. Even if family F12U consists mainly of unstable periodic orbits, the energy of escape is not able to intercept the evolution of the family, which penetrates easily the h esc barrier and ends only when h 2.42h esc . The starting position x 0 of the periodic orbits of this family can be obtained using Eq. (10). Our numerical calculations suggest, that in order to achieve the best agreement between theoretical and numerical outcomes, the correction term should be c = 1. Thus, combining Eqs. (9) and (10) and taking into account that ω 2 = 2ω 1 and m = 2n the relation for the starting position of periodic orbits of the F12U family becomes
The plot of Eq. (23) is shown as the blue line in Fig. 16 . The semi-numerical formula (23) can approximate the evolution of the F12U family with sufficient accuracy only when h < 0.0442. For larger values of the energy the relative error between the theoretical and the corresponding numerical results become significantly larger than 1% and therefore, the use of the fourth order fitting curve becomes imperative. The evolution of the period of the F12U family is presented in Fig. 17 . The blue line corresponds to the seminumerical formula (12) . The agreement is sufficient only when h < 0.0124. Thus, the fourth order polynomial fitting curve is the only solution in order to obtain semi-numerically the period of the orbits which belong to the F12U family. Table 4 gives the position and the period of the F12U family for five values of the energy h.
The 1:3 resonance
Another interesting resonance case is the 1:3 resonance when ω 1 = 0.4 and ω 2 = 1.2. Fig. 18 shows the (x,ẋ) phase plane when the value of the energy is h = 0.04. We observe, that the phase plane is covered entirely by regular orbits, while two types of 1:3 resonant periodic orbits can be identified. The first type which corresponds to the stable orbits has six symmetrical starting positions indicated by green dots. On the other hand, the second type has also six starting positions marked with red dots and correspond to the same unstable periodic orbit which in fact produce the separatrix. As in the previous cases, all the starting positions for both The two types of 1:3 resonant periodic orbits are presented in Fig. 19(a-b) . The two symmetrical stable periodic orbits shown in Fig. 19a have initial conditions: x 0 = 0, y 0 = 0, x 0 = ±0.198262, while the unstable periodic orbit (Fig. 19b ) has initial conditions: x 0 = 0.554740, y 0 = 0,ẋ 0 = 0. We shall initially begin studying the evolution of the first type of the 1:3 resonant periodic orbits. These orbits compose the F13S family. Fig. 20 depicts the evolution of the F13S family of periodic orbits. The results are quite similar to the previous resonance cases. Again, the starting positioṅ x 0 increases with increasing energy. The vast majority of the periodic orbits of the F13S family are stable. However, there is something very interesting and new in respect to the previous cases. We observe, that a small portion of the F13S family retains its stability even after crossing the barrier of the escape energy. In fact, stable 1:3 resonant periodic orbits still exist when h esc ≤ h 0.05916. Only when h > 0.05916 the periodic orbits become unstable. The starting positionẋ 0 of the periodic orbits of this family can be obtained using the semi-numerical Eq. (11). The semi-numerical formula (11) can approximate the evolution of the F13S family with sufficient accuracy only when h < 0.0518. For larger values of the energy the relative error between the theoretical and the corresponding numerical results become significantly larger than 1% and therefore, the use of the fourth order fitting curve becomes imperative. Fig. 21 shows the evolution of the period of the F13S family. The blue line corresponds to the semi-numerical formula (12) . The agreement is sufficient only when h < 0.0214. Thus, the fourth order polynomial fitting curve is the only solution in order to obtain semi-numerically the period of the orbits which belong to the F13S family. Table 5 gives the position and the period of the F13S family for five values of the energy h.
We continue our research with the evolution of the unstable 1:3 resonant periodic orbits which compose the F13U family. The evolution of the F13U family is presented in Fig.  22 . It is clear, that the value of the starting position x 0 increases with increasing energy, while the vast majority of the computed periodic orbits are unstable. However, one may observe that for small values of the energy (h < 0.00143) that is when we are very close to the lower bound of the family, the orbits become stable. Once more, the energy of escape is not able to stop the evolution of the family, which crosses the h esc barrier and ends only when h = 0.09336.
Since the periodic orbits of the F13U family start perpendicularly from the x-axis, the starting position x 0 can be obtained using Eq. (10). Our numerical calculations suggest, that in order to achieve the best agreement between theoretical and numerical outcomes, the correction term should be c = ω 2 . Thus, combining Eqs. (9) and (10) and taking into account that ω 2 = 3ω 1 and m = 3n the relation for the starting position of periodic orbits of the F13U family becomes
The plot of Eq. (24) is shown as the blue line in Fig. 22 . In this case, the semi-numerical formula (24) can approximate with sufficient accuracy the evolution of the entire F13U family of periodic orbits. Fig. 23 presents the evolution of the period of the F12U family. The blue line corresponds to the semi-numerical formula (12) . The agreement is sufficient only when h < 0.0448. Thus, the fourth order polynomial fitting curve is the only solution in order to obtain semi-numerically the period of the orbits which belong to the F13U family. Table 6 gives the position and the period of the F13U family for five values of the energy h.
The 2:3 resonance
We continue our investigation with the 2:3 resonance when ω 1 = 0.4 and ω 2 = 0.6. The (x,ẋ) PSS when the value of the energy is h = 0.01 is shown in Fig. 24 . We see, that the phase plane is occupied entirely by initial conditions correspond to regular orbits. Two different types of 2:3 resonant periodic orbits can be identified. The first type which corresponds to the stable orbits has six symmetrical starting positions indicated by green dots. On the other hand, the second type has also six starting positions marked with red dots and correspond to the same unstable periodic orbit which in fact produces the separatrix. Once more, it is evident that all the starting positions for both stable and unstable 2:3 periodic orbits belong to the ellipse x 2 /|x 0 | 2 +ẋ 2 /|x 0 | 2 = 1, where |x 0 | and|x 0 | are the starting positions of the stable and unstable periodic orbit respectively. The two different types of 2:3 resonant periodic orbits are presented in Fig. 25(a-b) . In Fig.  25a we present a stable periodic orbit with initial conditions: x 0 = 0.285273, y 0 = 0,ẋ 0 = 0, while the unstable periodic orbit shown in Fig. 25b has initial conditions: x 0 = 0, y 0 = 0, x 0 = 0.092018.
Let us first shed some light on the evolution of the first type of the 2:3 resonant periodic orbits. These orbits compose the F23S family. The evolution of the F23S family of periodic orbits is presented in Fig. 26 . We see, that the starting position x 0 increases with increasing energy. The vast majority of the periodic orbits of the F23S family are stable. However, when h > 0.01386 that is just before reaching the escape energy (h esc = 0.0144) the orbits become unstable. Once more, the escape energy cannot stop the evolution of the F23S family which ends only when h = 0.01598.
Taking into account that the periodic orbits of the F23S family start perpendicularly from the x-axis, the starting position x 0 can be obtained using Eq. (10). Our numerical calculations indicate, that in order to achieve the best agreement between theoretical and numerical outcomes, the correction term should be c = m/n. Thus, combining Eqs. (9) and (10) and also taking into account that ω 2 = 3ω 1 /2 and 
The plot of Eq. (25) is shown as the blue line in Fig. 26 . In this case, the semi-numerical formula (25) can approx- imate with sufficient accuracy the evolution of the entire F23S family of periodic orbits.
In Fig. 27 we present the evolution of the period of the F23S family. The blue line corresponds to the semi-numerical formula (12) . We observe, that in this case the semi-numerical formula cannot be used at all, since it fails to approximate almost the entire family and the relative error between the theoretical and the corresponding numerical results become significantly larger than 1%. Therefore, the fourth order polynomial fitting curve is the only viable solution in order to obtain semi-numerically the period of the orbits which belong to the F23S family. Table 7 gives the position and the period of the F23S family for five values of the energy h. Our investigation proceeds with the evolution of the unstable 2:3 resonant periodic orbits which constitute the F23U family. The evolution of the F23U family is presented in Fig.  28 . We observe, that the value of the starting positionẋ 0 initially increases with increasing energy, but as we approach to the escape energy it displays a downward trend. The vast majority of the computed periodic orbits are unstable, except close to the lower limit of the family (h < 0.00045) where the orbits become stable. In this case the energy of escape, as usual, cannot terminate the evolution of the F23U family, but we may say that it changes the type of evolution from increasing to decreasing. This particular peculiarity regarding the evolution of the F23U family disables the semi-numerical formula (11) . We can still use Eq. (11) for the theoretical computation of the positionẋ 0 but only for a small part of the family when h < 0.004. Fig. 29 depicts the evolution of the period of the F23U family. The blue line corresponds to the semi-numerical formula (12) . We observe, that in this case the semi-numerical formula can be used only when h < 0.004. For larger values of the energy, the relative error between the theoretical and the corresponding numerical results become significantly larger than 1%. Therefore, we may conclude, that the fourth order polynomial fitting curves are absolutely necessary in order to obtain semi-numerically not only the period but also the starting positionẋ 0 of the orbits which belong to the F23S family. In Table 8 we provide the position and the period of the F23U family for five values of the energy h. Fig. 30 The (x,ẋ) phase plane for the 3:4 resonance case. Here, ω 1 = 0.6, ω 2 = 0.8, while the value of the energy is 0.042.
The 3:4 resonance
The final case in our investigation is the case of the 3:4 resonance when ω 1 = 0.6 and ω 2 = 0.8. The (x,ẋ) phase plane when the value of the energy is h = 0.042 is shown in Fig.  30 . Once more, we chose such an energy so as the phase plane to be occupied entirely by initial conditions correspond to regular orbits. Two different types of 3:4 resonant periodic orbits can be identified. The first type which corresponds to the stable orbits has eight symmetrical starting positions indicated by green dots. On the other hand, the second type has also eight starting positions marked with red dots and correspond to the same unstable periodic orbit which in fact produces the separatrix. All the starting positions for both stable and unstable 3:4 periodic orbits belong to the ellipse x 2 /|x 0 | 2 +ẋ 2 /|x 0 | 2 = 1, where |x 0 | and|x 0 | are the starting positions of the unstable periodic orbit on the x-axis andẋ-axis respectively. Moreover we observe, that apart from the 3:4 resonance in the phase plane of Fig. 30 the resonances 1:1 and 2:3 are also appear. The two different types of 3:4 resonant periodic orbits are presented in Fig.  31(a-b) . In Fig. 31a we present a stable periodic orbit with Let us begin our investigation with the evolution of the first type of the 3:4 resonant periodic orbits. These orbits compose a family which we shall call F34S. The periodic orbits which belong the F34S family do not pass through the origin and also do not start perpendicularly from the x- axis. Therefore, we cannot use neither Eq. (10) nor Eq. (11) in order to compute semi-numerically their location. Thus, as we have seen in the case of the F12S family, we have to develop new semi-numerical relations. Our numerical experiments suggest, that the location of these orbits can be obtained using the following semi-numerical equations
where of course, n = 3 and m = 4. The evolution of the F34S family is presented in Fig.  32(a-b) . We see that the value of the coordinate x 0 increases as we increase the energy. On the other hand, the velocityẋ 0 Fig. 32 (a-b) : Evolution of the starting position (a-left): x 0 and (b-right):ẋ 0 of the periodic orbits of the F34S family as a function of the energy h. initially increases but upon approaching the escape energy it starts to decrease. As expected, the majority of the computed periodic orbits are stable. However, when h > 0.05407 that is just before reaching the escape energy (h esc = 0.0576) the orbits become unstable. The escape energy, once more, cannot stop the evolution of the F34S family which ends inside the shaded area when h = 0.07204. The semi-numerical relation giving the initial coordinate x 0 of the periodic orbits can provide reliable results for the full range of the family. On the contrary, the semi-numerical relation of the initial velocityẋ 0 is valid only when h < 0.035. In order to achieve much better agreement we should use the fourth order polynomial fitting curves. The terms of the fitting curves of the polynomials x f (h) andẋ f (h) are given at the end of this Section in Tables (11) and (12) respectively. In Fig. 33 we have combined both semi-numerical Eqs. (26) in parametric form as a function of the energy h in order to depict in three dimensions the evolution of the F34S family.
The evolution of the period of the F34S family is shown in Fig. 34 . The blue line corresponds to the semi-numerical formula (12) . In this case, we may say that the agreement is sufficient for the entire range of the family. However, if someone wants much more accurate results he should use the fourth order polynomial fitting curve. Fig. 35 depicts an alternative approach regarding the evolution of the period of the F34S family. Here, the period is not given as a function of the energy h but as a function of the starting position of the orbits using the initial coordinates x 0 and velocitiesẋ 0 in a three-dimensional plot. Table 9 gives the position and the period of the F34S family for five values of the energy h. The terms of the fourth order polynomial fitting curves giving the position and the period of the orbits of the F34S family are given in Tables (11) , (12) and (13).
In Fig. 30 we have seen that apart from the expected 3:4 resonance, there are also two more types of resonances, that is the 1:1 and the 2:3 resonance. For these two additional types of resonances, we can locate at the (x,ẋ) phase plane the elliptic points which correspond to stable periodic orbits and also the saddle points which produce unstable periodic orbits. Thus, it would be very interesting to study the evolution of these additional resonances and present aggregated plots depicting the entire network of families of periodic orbits when the value of the energy is h = 0.042. We shall investigate the evolution of families which are composed of periodic orbits corresponding to elliptic points only. The two additional families are the F11S which correspond to the 1:1 resonance and the F23S family which contains the periodic orbits of the 2:3 resonance. As we can see from Fig. 30 in order to monitor the evolution of the F11S family we have to compute each time only the initial velocityẋ 0 of the periodic orbits. On the other hand, for the evolution of the F23S family we have to calculate the initial coordinate x 0 . Fig. 38 Evolution of the period T as a function of the energy h for the families F11S, F23S and F34S. Fig. 36(a-b) presents the evolution of all three families of periodic orbits in the planes (h, x 0 ) and (h,ẋ 0 ). We can proceed one step further combining the two-dimensional plots presented in Fig. 36(a-b) in order to visualize together the evolution of all the families of periodic orbits (see Fig. 37 ). Here we must point out, that the evolution of both families F11S and F23S is in fact two-dimensional. The evolution of the period T of the three families of periodic orbits as a function of the energy h is given in Fig. 38 , while in Fig. 39 we present a three-dimensional plot which shows the evolution of the period as a function of the starting position (x 0 ,ẋ 0 ) of the periodic orbits. Similar results arise if we study the evolution of periodic orbits which correspond to saddle points. However, for saving space we are not going to present them here.
We close this section, presenting the evolution of the unstable 3:4 resonant periodic orbits which compose the F34U family. Fig. 40 shows the evolution of the F34U family. It is clear, that the value of the starting position x 0 increases with increasing energy, while the vast majority of the computed periodic orbits are unstable. However, with a closer look at the diagram we observe that for small values of the energy (h < 0.0059) that is when we are very close to the lower limit of the family, the orbits become stable. Again, the energy of escape is not able to stop the growth of the F34U family, which crosses the h esc barrier and ends only when h = 0.08043.
Taking into account that the periodic orbits of the F34U family start perpendicularly from the x-axis, the starting position x 0 can be obtained using Eq. (10). Our numerical calculations suggest, that in order to achieve the best agreement between theoretical and numerical outcomes, the correction term should be c = √ n/2ω 1 . Thus, combining Eqs. (9) and (10) and taking into account that ω 2 = 4ω 1 /3 the relation for the starting position of periodic orbits of the F34U family becomes
where n = 3 and m = 4. The plot of Eq. (27) is shown as the blue line in Fig. 40 . In this case, the semi-numerical formula (27) can approximate with sufficient accuracy the evolution of the entire F34U family of periodic orbits.
In Fig. 41 we provide a plot depicting the evolution of the period of the F34U family. The blue line corresponds to the semi-numerical formula (12) . It is evident, that the semi-numerical formula fails to approximate almost the entire family. Thus, the fourth order polynomial fitting curve is the only solution in order to obtain semi-numerically the period of the orbits which belong to the F34U family. In Table 10 we provide the position and the period of the F34U family for five sample values of the energy h.
Escaping orbits
In the previous Section, we investigated the evolution of several families of resonant periodic orbits. We found that apart from the F11S family which consist of the 1:1 straight-line periodic orbits, all the other families continue to exist beyond the escape energy. Moreover, our experiments indicate that the vast majority of the computed periodic orbits are unstable for values of energy larger than the escape energy h esc .
When the value of the energy h is smaller than the escape energy, potential (2) has closed Zero Velocity Curves (ZVCs). On the other hand, when h > h esc the equipotential curves are open and extend to infinity. An open ZVC consists of four branches forming four channels through which an orbit can escape to infinity. Therefore, we have four openings symmetric with respect to the x and y axis. At every opening there is an unstable periodic orbit close to the line of maximum potential [11] which is called a Lyapunov orbit. Such an orbit reaches the ZVC, on both sides of the opening crossing perpendicularly one of the lines y = ±ω 1 /ω 2 x and returns along the same path thus, connecting two opposite branches of the ZVC. Lyapunov orbits are very important for the escapes from the system, since if an orbit intersects any one of these orbits with velocity outwards moves always outwards and eventually escapes from the system without any further intersections with the surface of section. The open ZVC when ω 1 = ω 2 = 0.4 and h = 0.01 > h esc is presented with red color in Fig. 42 . In the same plot we denote the four Lyapunov orbits by L 1 , L 2 , L 3 and L 4 using green color, while the straight-lines y = ±ω 1 /ω 2 x are plotted in blue.
In this Section, we shall study the parts of the several resonant families of periodic orbits for which h > h esc . When h > h esc the periodic orbits remain or become unstable. If we combine this result with the fact that for energies higher than h esc the ZVC opens creating four escape channels then, it is natural to assume that most, if not all, the unstable periodic orbits will escape. Therefore, our main objective is to calculate the escape period of the orbits. The escape period is defined as the required time interval so that an orbit to intersect one of the four Lyapunov orbits. Since there are four possible symmetric channels of escape, there is no obvious reason to assume that all orbits will escape from the same channel. So, apart from the escape period we shall also focus on the different channels of escape. We name each channel according to the corresponding Lyapunov orbit. Therefore, L 1 orbit indicates escape channel 1 (upper right), L 2 orbit indicates escape channel 2 (upper left), L 3 orbit indicates escape channel 3 (lower left) and L 4 orbit indicates escape channel 4 (lower right) (see Fig. 42 ). In every resonance case, we defined the appropriate increment value regarding the energy so that the interval (h esc , h max ] contains always 5000 periodic orbits (h max is the maximum value of the energy for which a resonance exists, or in other words, the upper limit of each resonance family). For the numerical integration of orbits, we set a maximum time of 10 5 time units. If an orbit does not intersect any of the four Lyapunov orbits within this time interval, then we consider it as trapped.
We already proved that the F11S family which consists of the 1:1 straight-line periodic orbits ends when h = h esc and therefore, in this case there are no escaping orbits. Thus, we begin our investigation with the F11U family. Table 14 The initial conditions, the period, the escape period and the energy for the escaping orbits shown in Fig. 48 . In all cases y 0 = 0, while the value ofẏ 0 is always obtained from the energy integral (3). L 3 Lyapunov orbit and escapes from channel 3. In Fig. 44 we present the escape period for all the orbits of the F11U family. Each dot represents an orbit of the F11U family. Moreover, we used four different colors to indicate through which channel each orbit escapes. In the same plot we observe, that for h esc ≤ h ≤ 0.00765 there is a gray shaded area. This energy range contains 277 unstable periodic orbits that do not escape even if we integrated them for 10 5 time units. Per- Fig. 44 Evolution of the escape period T esc of the orbits composing the F11U family. haps, they require larger integration time to escape. However, in our investigation these orbits are considered trapped. It is evident from Fig. 44 that the escape period of the orbits is decreasing rapidly as the value of the energy in- F11U  277  1736  296  2361  330  F12S  0  2875  961  503  661  F12U  0  2012  2080  515  393  F13S  760  522  870  495  2353  F13U  0  2081  645  1636  638  F23S  0  703  874  2528  895  F23U  0  783  1503  1992  722  F34S  0  778  888  2108  1226  F34U  0  1291  786  1728  1195 creases. We feel it is important to justify this phenomenon. As previously explained, a Lyapunov orbit acts like a barrier, reaches the ZVC on both sides of the opening and returns along the same path thus, connecting two opposite branches of the ZVC. Therefore, we could exploit this fact in order to quantify the escape phenomenon. For this purpose, we define d L as the distance between the two points at which the Lyapunov orbit touches the two opposite branches of the ZVC. Using d L we can measure, in a way, the width of the escape channel. Fig. 45 depicts the evolution of d L as a function of the energy h. The red vertical line corresponds to the escape energy. Obviously, when h < h esc d L = 0 since the ZVC is close. On the other hand, when h > h esc d L increases almost linearly. This means that as we increase the value of the energy the escape channels becoming more wide and therefore, the unstable orbits need less and less time in order to find one of the four openings and eventually escape from the system. Thus, we may say that we justified the decreasing pattern of T esc shown in Fig. 44 . It would be of particular interest to locate the escape positions of the orbits. By the term "escape positions" we refer to the points on the (x, y) plane at which the orbits intersect one of the Lyapunov orbits. Fig. 46 depicts the escape positions of the F11U family. Each dot corresponds to an escaping orbit and is plotted with different color according to the escape period of each orbit. The relation between the range of the colors and the corresponding escape periods is given in the color bar at the right part of the plot. The same quantities that is the escape position and the escape period, are presented in the three-dimensional plot of Fig. 47 . Here, we use four different colors according to Fig. 44 in order to illustrate the four different escape channels. We observe, that as we approach to values of energy very close to h esc the escape period is growing rapidly.
Following the same philosophy as above, we can study the escaping orbits in all the resonance cases. In Fig. 48 (ah) we present representative examples of escaping orbits in each resonance case. The initial conditions, the energy, the period and also the escape period of the orbits are provided in Table 14 . Fig. 49 (a-h) shows the evolution of the escape period in all resonance cases. Moreover, in the same plot we can distinguish between the four possible channels of escape. Of particular interest is the plot shown in Fig. 49c , that is the case of the F13S family. We observe, that when h esc < h < 0.05918 there is a gray shaded area which contains 760 orbits. These orbits are stable (see Fig. 20 ) and do not escape. These orbits remained trapped even if we integrated them again using 10 6 time units of numerical integration. Therefore, we have strong numerical evidence, that these particular periodic orbits remain trapped regardless of the total time of the numerical integration. Table 15 contains the exact number of trapped orbits and also the number of orbits per escape channel in all resonance cases. We may say, that almost in every resonance case there is a favorite channel chosen by most of orbits. Finally, in Fig. 50(a-h) we can see through color scaled plots the escaping position and the corresponding escape period of the orbits in every resonance case.
Discussion and conclusions
In this research, we tried to shed some light on the evolution of families of periodic orbits in a dynamical system composed of a two-dimensional perturbed harmonic oscillator. In particular, the aim of this work was not only to locate the position and compute the period of the periodic orbits but also to monitor the evolution of each resonance family as a function of the energy. The results obtained from the seminumerical methods were always compared with the corresponding ones derived by the numerical integration of the equations of motion. The ratio of the unperturbed frequencies was equal to a rational number n : m, where n ≤ 3 and m ≤ 4. There are two main reason justifying our choice of the particular values of n and m. First, is not feasible to to study all the possible resonance cases in a given potential and second, because the important resonance cases are those with low values of n and m. Here we must point out, that we considered only cases where ω 1 : ω 2 = n : m.
To our investigation we used the semi-numerical relations presented in Paper I. The formula giving the starting point of the periodic orbit mainly depends on the type of the orbit. In particular, there are two main types of periodic orbits. The first type corresponds to orbits starting perpendicularly from the x-axis. These orbits are usually stable periodic orbits which avoid going through the center and are called "centrophobic". The second type consists usually of unstable periodic orbits starting from the origin which are known as "centrophilic". On the other hand, the semi-numerical relation regarding the period of the periodic orbit is common for both types of orbits. Our initial experiments revealed that these semi-numerical relations cannot provide equally accurate results in all resonance cases. On this basis, we inserted a correction term which allowed us to manipulate the seminumerical expressions separately in every resonance case in order to obtain much more reliable results. However, we found out that especially the formula giving the period of the periodic orbits in most of the studied cases is not able to follow the evolution of the entire family of orbits. This is true, because all the semi-numerical relations presented in Paper I are very simple and therefore, their accuracy is reduced significantly especially in cases where the families of the resonant periodic orbits present either turning points or a non-monotone behavior.
In an attempt to overtake this drawback, we exploited the numerical results obtained from the numerical integration. Taking into account that each resonance family is very "rich" containing 5000 periodic orbits that have been integrated numerically, we interpolated these data thus obtaining a fourth-order polynomial fitting curve. Therefore, we defined fourth-order polynomials giving not only the period but also the position of the periodic orbits in each resonance family. By applying this method, we achieved the best possible agreement between the numerical results obtained from the numerical integration of the equations of motion and the semi-numerical outcomes from the interpolation. In fact, in every resonance case the relative error between numerical and semi-numerical results was always less than 1%. The sufficient approximation which yields to a very small and therefore negligible relative error proves beyond any doubt the great efficiency of the semi-numerical methods. The main advantage of this procedure is that the fourth-order polynomials giving the position and the period of the periodic orbits contain only one variable which is the value of the energy.
We began our investigation from the F11S family which contains the 1:1 straight-line periodic orbits. This is indeed a very interesting family because the periodic orbits of this family undergo an infinity of transitions to instability and stability as h tends to h esc , while the period of these orbits tends to infinity. F11S family ends when h = h esc because for values of energy larger than the escape energy the ZVC opens and the orbits escape immediately to infinity. On the contrary, our numerical calculations indicated that all the other families of resonant periodic orbits continue to exist beyond the escape energy. Moreover, we found that the vast majority of the periodic orbits remain or become unstable when h > h esc . We observed, that each resonance family behaves differently upon approaching the escape energy. In fact, the evolution of a resonance family beyond h esc depends mainly on the particular type of the periodic orbits of the family.
As we have seen, in each resonance case there are two types of periodic orbits: (i) stable periodic orbits corresponding to elliptic points in the PSS and (ii) unstable periodic orbits corresponding to saddle points in the phase plane. If we compare the periodic orbits shown in Figs. 3, 11a, 19a , 25a and 31a with those presented in Figs. 3, 11b, 19b , 25b and 31b we shall observe a very interesting phenomenon. In all cases, the stable resonant periodic orbits (green color) "touch" the ZVC, while all the unstable periodic orbits (red color) do not interact with the ZVC. Therefore, when h > h esc the first type of periodic orbits which require the presence of the ZVC in order to be reflected and return along the same path, escapes much more quickly than the second type. This can also be supported by looking the evolution of each resonance family. Indeed, if we compare Figs. 4, 12, 20, 26 and 32 with Figs. 6, 16, 22, 28 and 40, it becomes obvious that always the family which consists of periodic orbits of type (i) ends much more quickly than the family composed of type (ii) resonant periodic orbits.
Of particular interest, was the cases of the F12S and F34S families of periodic orbits. Studying the evolution of these particular families of resonant periodic orbits was a real challenge due to the peculiar nature of these orbits. These orbits do not pass through the origin and also do not start perpendicularly from the x-axis. Therefore, we could not use non of the semi-numerical relations of Paper I in order to compute their location. Thus, we had to develop new semi-numerical formulas to obtain the location of the periodic orbits.
Finally, we made a thorough investigation in all families of periodic orbits when h > h esc . Our main objective, was to compute the escape period and also to determine the escape position of the orbits. The escape period is defined as the required time interval so that an orbit to intersect one of the four Lyapunov orbits. Our numerical calculations, suggested that the escape period in all families is rapidly reduced as the value of the energy increases. Only for values of the energy very close to h esc the escape time is considerable high. This can be explained, if we take into account that when the energy increases we have a simultaneous increase on the width of the escape channels. The width of an escape channel can, in a way, be defined as the distance between the two points at which a Lyapunov orbit intersects the two opposite branches of the ZVC. Thus, as the value of the energy increases the escape channels becoming more and more wide and therefore, the unstable orbits need less and less time in order to find one of the four available openings and eventually escape to infinity.
In the case of the F11U family, we found that there is a small energy range beyond h esc which contains several unstable 1:1 periodic orbits that do not escape even if we integrated them for a time interval of 10 5 time units. Therefore, these are trapped unstable orbits. Considering the unstable nature of these orbits, it is very likely, that if we integrate them for much more time they will eventually escape. On the other hand, the trapped periodic orbits we found in F13S family are stable and therefore, we have strong numerical evidence that they remain trapped regardless of the total time of the numerical integration. We may say, that in general terms, the choice regarding which escape channel will follow each orbit is completely random, even though that in some resonance families we can distinguish minor patterns only for small ranges of the energy. However, almost in every resonance case there is a favorite channel chosen by the majority of the orbits.
We consider the outcomes of the present research as an initial effort in the task of exploring the evolution of families of resonant periodic orbits. Since our current results are encouraging, it is in our future plans to study and reveal the evolution and the stability of periodic orbits in more complicated dynamical system such as galactic models. Moreover, we plan to expand our numerical methods in order to trace and locate three-dimensional resonant periodic orbits.
